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Abstract 

The ghost condensate (e ahc c b c c ) is considered together with the gluon condensate (A 2 ^ in 
SU(2) Euclidean Yang-Mills theories quantized in the Landau gauge. The vacuum polar- 
ization ceases to be transverse due to the nonvanishing condensate ^e abc c & c c ). The gluon 
propagator itself remains transverse. By polarization effects, this ghost condensate induces 
then a splitting in the gluon mass parameter, which is dynamically generated through (A 2 ^. 
The obtained effective masses are real when (A 2 ^ is included in the analysis. In the absence 
of (AV), the already known result that the ghost condensate induces effective tachyonic 
masses is recovered. At the one-loop level, we find that the effective diagonal mass becomes 
smaller than the off-diagonal one. This might serve as an indication for some kind of Abelian 
dominance in the Landau gauge, similar to what happens in the maximal Abelian gauge. 
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1 Introduction. 



Vacuum expectation values of composite operators, commonly known as vacuum condensates, 
play an important role in quantum field theory. One can employ them to parametrize certain 
nonperturbative effects. In the context of gauge theories, the gluon condensate {F^ u ) and quark 
condensate (qq) are renowned examples pQ. 

In the last few years, there has been a growing interest in condensates of dimension two. Most 
attention was paid to the gluon condensate {AV} in case of the Landau gauge. We do not 
intend to give a complete overview of the existing research, we refer to the papers [2] |3] QJ 03 
El El El El EDI [HI ESI CHI H31 CS1 [13 CHI CHI and references therein, covering theoretical, 
phenomenological, lattice and computational topics concerning the mass dimension two gluon 
condensate. We have studied this condensate and its generalizations to other gauges, such 
as the linear covariant, the Curci-Ferrari, and the maximal Abelian gauges. In particular, 
we developed the so-called LCO formalism, allowing us to construct a renormalizable effective 
potential obeying a homogenous renormalization group equation for a Local Composite Operator 
like A^, see e.g. [7| lH| ITU] lllj. The renormalizability properties and relations between various 
renormalization group functions can be proven to all orders of perturbation theory by making 
use of the algebraic renormalization technique [20]. According to the LCO construction, an 
effective tree level gluon mass is dynamically generated due to \Afy ^ 0. 

Perhaps less known is the concept of the ghost condensates like (/ a6c c fe c c ), (f abc c b c c ^ and 
// a6c crc c ). For the benefit of the reader, let us provide here a short overview. 

The ghost condensate ^e 36c c 6 c c ) was first introduced in the maximal Abelian gauge (MAG) 
in [221 IS] in case of the gauge group SU(2). The MAG is a partial nonlinear gauge 
fixing which is useful for the dual superconductivity picture of low energy QCD. Due to the 
nonlinearity of the MAG, a quartic ghost interaction needs to be introduced in the action for 
renormalizability purposes |251l26j . This four-ghost interaction was decomposed by means of an 
auxiliary field a, and a one-loop effective potential for the ghost condensate (e 3bc c b c c ) ~ (a) was 
calculated. A nonzero vacuum expectation value (a) is favoured as it lowers the vacuum energy. 
It was consequently used to construct an effective mass for the off-diagonal gluons, at one-loop 
order. The diagonal gluons remained massless. This result was interpreted as analytical evidence 
for the Abelian dominance hypothesis [22], according to which the low energy regime of QCD 
should be expressed solely in terms of Abelian degrees of freedom [27] . Lattice evidence of this 
Abelian dominance in case of the MAG was presented in |28l 1291150] . To our knowledge, there is 
no analytical proof of the Abelian dominance. An argument that can be interpreted in favour of 
it, is the fact that the off-diagonal gluons would acquire a mass through a dynamical mechanism. 
At energies below the scale set by this mass, the off-diagonal gluons should decouple, and in 
this way one should end up with an Abelian theory at low energies. It is worth noticing that 
lattice simulations of the SU(2) MAG revealed an off-diagonal mass of approximately 1.2 GeV 
[^E2], while the diagonal gluons behaved masslessly _31] or at least almost masslessly [52] . 

Returning to the ghost condensation in the MAG, it was shown in [331 I34| that, contrary to 
the claim in [2D [22] [23 G3] , the induced off-diagonal mass induced was tachyonic, at least at 
the considered one-loop order. As such, it could not be taken as analytical evidence for the 
Abelian dominance. Another condensate, namely 1 (hA^A^ + aePcPj that could be responsible 

for a real-valued off-diagonal gluon mass was proposed in [H] and investigated thoroughly in 
using the LCO formalism. 

a is the MAG gauge parameter, while the color index (5 runs only over the N(N — 1) off-diagonal generators 
oiSU{N). 
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In [3B], it was signalled that the effective potential, obtained using the decomposition of the 
four-point ghost interaction can cause renormalization problems beyond one-loop order and 
that the LCO formalism would be more suitable to discuss the ghost condensation. A further 
aspect of the ghost condensation was pointed out in [33], where it was shown that an alternative 
decomposition of the quartic ghost interaction led to the two Faddeev-Popov charged ghost 
condensates ^e 36c c fe c c ) and (e 3fec c 6 c c ), instead of ^e 3bc c 6 c c ). This should be not too big a surprise, 
as the ghost condensation is an order parameter for a continuous SX(2,R) symmetry present in 
the MAG [211 1221 13*7] . Said otherwise, a nonvanishing ghost condensate like ^e 36c c b c c ) induces a 
breakdown of the SL(2, M) symmetry. It turns out in fact that the SL(2, M) rotations interchange 
the different channels, i.e. (e 3bc c 6 c c ), (e 3bc c 6 c c ), (e 3bc c b c c ), in which the ghost condensation 
might occur. 

Later on, the ghost condensation was discussed in the case of the Curci- Ferrari gauge [31)], which 
also possesses the SL(2,M) invariance [37]. This was achieved by decomposing the four-ghost 
interaction which is present for nonvanishing gauge parameter. This brings one to the Landau 
gauge, which corresponds to the Curci-Ferrari gauge with vanishing gauge parameter. As there 
is no longer an interaction to be decomposed, it is less clear how to construct an effective 
potential for the ghost condensates in this case. However, in |38|. it was shown that the LCO 
formalism does allow to construct an effective potential for the ghost condensates ^/ a6c c fe c°) and 
^/ abc c 6 c c ) in the Landau gauge. This study was pursued in j^Sj, where it has been proven that 
the operators f abc c b c c , f abc c b c c and f abc c b c c can be simultaneously coupled to the Yang- Mills 
action, while preserving the SL(2,M) symmetry, using the LCO setup. It was consequently 
shown that the condensation 2 can occur in different channels, i.e. (f abc c b c c ^ and ^/ a6c c 6 c°), 
(f abc c b c c ). However, the corresponding vacua are equivalent, being connected trough rotations 
of the broken symmetry. Details on the symmetry breaking and the construction of the potential 
can be found in [315] • As the ghost condensates carry a color index, let us specifically mention 
that we have given an argument that the apparent breaking of the global color symmetry should 
not be observed in the physical sector of the theory |39j . One can also argue that the Goldstone 
particles associated to the broken continuous 5X(2,R) symmetry are unphysical [2*H I3H]. 

Although the concept of a ghost condensate like (e abc c b c c ) might seem unusual, it has many 
features in common with the fermion condensation occurring in models with a four-fermion 
interaction as, for example, the Gross-Neveu model. Considering the MAG, the ghost conden- 
sation and the induced symmetry breaking can be directly compared to what happens in the 
Gross-Neveu model [10] or in other models with a quartic interaction. Decomposing in fact 
the quartic interaction via an auxiliary field allows us to construct an effective potential, and 
to analyze the existence of a possible condensation and the related symmetry breaking. The 
original setup of the ghost condensation, as it was discussed in [22] EHO EH] , is essentially not 
much different from the analysis of the Gross-Neveu model. Let us also mention that the LCO 
formalism was first developed to construct a meaningful effective potential for the Gross-Neveu 
model for any number of fermions at any order of perturbation theory 41 . 

In this work, we shall continue our study on the gluon and ghost condensates for the gauge group 
SU(2) in case of the Landau gauge. For the first time, we present a combined study of both 
condensates, namely (-A^) and ^e abc c fe c c ). In Section 2, we shall discuss the renormalizability 
issues using the algebraic renormalization. Section 3 contains a summary of the LCO formalism, 
the calculation of the one-loop effective potential and the determination of the vacuum config- 
uration. Hereafter, we discuss the consequences of a nonvanishing gluon and ghost condensate. 
We shall show that the vacuum polarization is no longer transverse, the breaking being directly 

2 (/ a6c c 6 c c ) was called the Overhauser condensate, while (f abc c b c c ) and {f abc c b c c ) the BCS condensates. This 
nomenclature was based upon a similar kind of phenomenon happening in the theory of superconductivity. 



3 



proportional to the ghost condensate. Moreover, we shall prove that the gluon propagator itself 
remains transverse. These results will be first discussed by deriving the Slavnov- Taylor identities 
in the condensed vacuum. Then, we shall illustrate them with explicit one-loop calculations. 
These issues will be handled in Sections 4, 5 and 6. In Section 7, we find another interesting 
consequence of the ghost condensate. Due to polarization effects on the gluon propagator, the 
effective dynamical gluon mass generated through undergoes a shift which differs for the 

diagonal and off-diagonal gluons. More precisely, it is found that the effective diagonal gluon 
mass is smaller than the off-diagonal one. However, unlike the results obtained in the absence 
of the gluon condensate (-4?) jHHlOHj- both masses remain now real. 

Similarly to what happens in the MAG |31 | I22 | l32 | lllj. the fact that the off-diagonal mass is 
larger than the diagonal one, could be interpreted as evidence that a kind of Abelian dominance 
might also take place in the Landau gauge. 



2 Renormalizability of the LCO formalism incorporating both 
gluon and ghost condensates. 

In this section, we shall prove that the simultaneous introduction of the composite operators 
and gf abc c b c c allows for a multiplicatively renormalizable action, in the Landau gauge. 

We shall work in Euclidean space time. The Yang-Mills action in the Landau gauge, d^A® = 0, 
reads 



S = Sym + Sqf 
1 

4 a^ v 



Sym = Id 4 x(-FIF? 



S GF = sj AfVv^) = J d*x(b a d^Al + <?d^D« b c b ^ , (2.1) 
where is the adjoint covariant derivative which is defined by, 



A 1 A» yj A* ' 

The action Q2.1j) enjoys the nilpotent BRST symmetry 

sA% = -D* b c b , 



D ab = 8 ab d^-gt bc Al. (2.2) 



with 



sc a = 9 f abcbc 

2 

sc" = b a , 

sb a = , (2.3) 



sS = 0, 

s 2 = 0. (2.4) 



We introduce two BRST doublets of sources 



ST = J , sJ = 0, (2.5) 
s\ a = oo a , suj a = , (2.6) 



4 





Aa 


c a 


c a 




r 


J 




L a 


A a 


u a 


dimension 


1 





2 


2 


2 


2 


3 


4 


2 


2 


ghost number 





1 


-1 





-1 





-1 


-2 


-1 






Table 1: Quantum numbers of the field and sources 



allowing us to couple the composite operators A 2 ^ and gf abc c b c c to the action (|2.1[) in a BRST 
invariant fashion 

S 1 = S YM + S gf + sJ A (jrA%A% + |r J + gf abc X a ^c c - ^ a X a ^j 

= J A (^F^F^ + ft^AJ + (?d^Dfc h + gf abc uj a c b c c - gf abc X a b c c c 

+ ^-f abc f cde X a c b c d c e - ^io a co a + ^JA^Al + tAJ^c - | J 2 ^) . (2.7) 

The terms quadratic in the sources oj a and J are allowed by power counting and are needed to 
remove the novel divergences appearing in the vacuum correlators ((f abc c a c b ) (x) (f klm c l c m ) (y)> 



and (Aj l (x)Aj l (y)) for x — > y. p and £ are called the LCO parameters. 



For completeness, we also have to introduce external sources for the BRST variations of the 
elementary fields A^ and c a : 



S, 



ext 



A ! -n«Dfc b + ^f abc L a c b c c 



(2.1 



with 



sft£ = 0, sL a = 0. 



(2.9) 

The mass dimension and the ghost number of the fields and sources are listed in Table ^ 

In principle, the action (|2.7|) can be supplemented with extra terms in the sources which are 
allowed by power counting, 

S' cxt = s f d A x<^ 9 -f abc X a X b ^ + 1 X a d,A a )j 

= J A (^f3gf abc Lo a X b c c + (3^-f abc f cde \ a \ b c d c e + juj a d^ + jX^D^A ,(2.10) 

where (3 and 7 are new, independent, dimensionless couplings. The <S' xt -part of the action has 
to be introduced to actually prove the renormalizability. This is our next task. 



The complete action, 
obeys a few Ward identities. 



S — S + iS ex t 4" S^xt 1 



(2.11) 



The Slavnov- Taylor identity 

<5£ 



«S(E) 



8 A" + JI^Sc" + 8^ +UJ 8~\^ + ~8t J 

fi f-i / 



(2.12) 
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The modified Landau gauge condition 

6E 



— -d^ + gr c X°c c . (2.13) 



• The modified anti-ghost equation 

^ i a ^ rabcxb^ f abc be f o 1 

^ + d ^~ 9f X JTc = - 9f UJC ■ (2 ' 14) 



The modified ghost Ward identity 



£ a (E) = A" lasEL , 



(2.15) 



with 



Q a 



.4 / ^ . rabc-b $ . f afc,li ^ 



class. 



d 4 x 



gf 



L h C c 



oo b c c + ((3- p)\ b oj c - A fc 6 c ) 



i ; 5Yi „ <5E „ JE . 

TT + c a Tir - 2A ffl — =0. (2.16) 



The modified r-identity 



St 5b a ' 5L a 
This identity expresses the on-shell BRST invariance of the operator A^A 1 ^. 

We notice that every term on the r.h.s. of equations ()2.13j) - (|2,15j) . being linear in the quantum 
fields, represents a classical breaking |20| . 



We are now prepared to write down the most general local counterterm, EcT) which is compatible 
with the previous Ward identities and can be freely added to the original action perturbatively. 
The perturbed action E + t/Ect should obey the same Ward identities as the starting action E 
to the first order in the perturbation parameter r\. This corresponds to imposing the following 
constraints on the counterterm Ect 



£ S Ect = , (2.17) 
<5Ect 



5b a 



, (2.18) 



^ + ~ 9f abc X b ^ = , (2.19) 

^(Scr) = / A +^ C A^) = , (2.20) 
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where By is the nilpotent, Bf, = 0, linearized Slavnov- Taylor operator, given by 

f * { SE 6 SE 6 5E 5 5E 5 ,„ <5 „ 5 T S\ 

By = d 4 x{ — — j-j — + 77^777- + "77 — ; h 7 ^7 h 6° 7- + ^77- + J— . 2.22 

7 \6n*6A<* SA^Sn^ 5L a 5c a 5c a 5L a 5c a 5X a 8t J y ' 
The most general local counterterm can be written as |2U| 

S C T = a 5 Y M + ^EA- 1 , (2.23) 
where A -1 is an integrated local polynomial of ghost number —1 and dimension 4, given by 

J A [ai + a 2 L a c a + a 3 A^d^ + a 4 9 -f abc ^c c + a 5 6 a c a + ^ tA%A% 



A' 1 = / A 



+ a 7 rc a c a - y QtJ + a 9 7A a 5 M ^ + a 10 gf abc X a c b c c + an (5^f abc \ a \ b c c + a 12 6 a A a 



+ oi3 rA a c a - ^IpAV + a 15 c^c 
The constraints ((2~TH)) - (f2~2T|) . imply that 



ai = a 3 = -a 6 
P 

«n — -5°i4 , 



(2.24) 



<J2 = 04 = CL5 = 0,7 = a\Q = a\2 = 013 = 015 = . (2.25) 

Collecting these results, we come to the conclusion that the most general counterterm compatible 
with the Ward identities (|2.17|) - (|2.21|) is eventually given by 



+ (oo + Aa^f^f^A^AlA^l + ai («« + d,c a )d,c a + | JA^ 

4 



+ ( ai + a 9 ) 7 ^ a ^ + pai 4 gf abc uj a X b c c + pa 14 ^/^/^A a A b c d C e 



_ ai4 ^^ a + 7 a 9 X a d 2 c a + (01 + a 3 ) 7 3/ afec A a 5 M (4c c ) - a 8 | J 2 | . (2.26) 

Let us now check that this counterterm can be reabsorbed in the original action (|2.11|) by means 
of a multiplicative renormalization of the available parameters, fields and sources, according to 

S($o, 0o, £0) = </>, + »7Ect(*, 0, + 0(r/ 2 ) , (2.27) 

where 

$o = 4 /2 $> <h = £o = Z£, (2.28) 

with $ = {f^,L a ,r, J, A a ,w a }, = {^4" b a , c a , c a } and £ = {g, (, p, /?, 7}. From equations 
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(f2~2T)|) - (f2~2%|) one can check that 




) 




1 + rj(a u -ao- 2ai) , 
1 + 77(a 8 + 2a + 2ai) , 
1 + 77(09 - a - ai) • 



(2.29) 



allow for the desired multiplicative renormalization. We recall here that the relations found for 
Zj and Z u , respectively, imply that the anomalous dimensions of the composite operators A 2 ^ 
and gf abc c b c c , are linear combinations of that of A a and of the beta function j3(g 2 ) [51 I39| . 



3.1 Preliminaries. 

Let us now discuss how one can obtain the effective potential describing the condensates (A 2 



we had to introduce novel terms in A in the starting action, eq. (|2.10|) . These terms, introduced 
for the algebraic proof of the multiplicative renormahzabihty, are allowed by power counting 
and by the symmetries of the model, and they do appear in the most general counterterm, 
ea. (j2,26J) . However, they are not needed for the evaluation of the effective potential, so that for 
our purposes A = 0. Considering now the term udA in ea. (|2.1U|) . it is apparent that, in the 
Landau gauge, OA = 0, such a term is absent. To make this argument a little more formal, 
one could consider the generating functional VV(w, J) and perform the transformation of the 
Lagrange multiplier b' = b + ju, with trivial Jacobian. 

We are still left with two free LCO parameters p and £. As shown in [7|ll()|l3U|. these parameters 
can be fixed by using the renormalization group equations. We would like to notice that the 
explicit value of the counterterms oc uj a are not influenced by the presence of J and vice versa. 
As such, the already determined values of p and £ remain unchanged upon comparison with the 
cases oj a = [3 E3 and J = (SHI • More precisely, one still has 



3 Effective potential for the condensates \Afy and (e abc c b c c ). 




p = 



po + pig 2 + • ■ • , 



C 



"2 + Cl + • • • 



(3.1) 



where 



G 



95 



P0 = "IS 



Pi = ~ 



3127T 2 



in the case of SU(2). The use of dimensional regularization with d = 4 — e and of the MS 
renormalization scheme is understood throughout this paper. 

The relevant action is thus given by 

S = S YM + S GF + I d 4 x (gf abc u; a c b c c + \j - P -uj a u a - | J 2 ) . (3.3) 

As the sources J and oj a appear nonlinearly, the energy interpretation might be spoiled. However, 
by exploiting a Hubbard-Stratonovich transformation, the starting action incorporating both 
gluon and ghost condensates can be rewritten as EH1 EE] 

S = Sym + S GF + J fx + V"<"cV + f p (fVS 2 

where the sources are now linearly coupled to the fields a and 4> a , while the identifications 

(<t> a ) = -g 2 (f abc c a c b 

V) = -f <4> > ( 3 - 5 ) 

hold 1391 llUj . The action (|3.4I) will be multiplicatively renormalizable and will obey a ho- 
mogenous renormalization group equation. 



3.2 The one-loop effective potential. 

For the one-loop effective potential (a, <f>) itself, we deduce 

V^(a,cf>) = V A 2(a) + V gh (<t>) , (3.6) 

with szinni 



\r ( \ ° 2 A Ci 2 \ , 3 (N' - 1 gV 2 / ga 5\ 

VA2{a) = ko I 1 - c-o 9 ) + cf v ' (3 - 7) 



(0 = X- ( 1 - + ^ ( In 4* - 3 ) , (3.8) 

2g 2 p \ po J 32vr 2 p 2 Q \ p^ ' 



while [Ml 



where (p = (p 3 , <p a = <p5 a3 . This amounts to choosing the vacuum configuration along the 
3-direction in color space. For the rest of the paper, it is understood that N = 2. 

The minimum configuration, describing the vacuum, is retrieved by solving 

dVW(a,<f>) dVM(a,<f>] 



da 



, (3.9) 



or 



1 (, Ci 2 \ , 9 g 2 / _ ga, 5\ , 9 g 2 



CoV 1 "^J +2 ^V log Co^"6j + ^ = °' 

' f ' "VU 2^ flog -4 -3^+2^4 = 0, (3.10) 



9 2 Po V Po J 32vr 2 p 2 , V plp^ J 32vr 2 p 2 
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where (<r*,(/>*) denote the nontrivial solution. For the vacuum energy, we obtain 

£ ,„ = W')(..,« = - I ^^-3^|. (3.11) 

One sees thus that nonvanishing condensates will be dynamically favoured at one-loop as they 
both lower the vacuum energy. 

For further investigation, it is useful to introduce the variables 

2 9° 
m = — , 

Co 

" = w <3 - 12) 

y M ^^(l-^) + >j!^ m *L£*), (3,3) 



2ff 2 V Co J 64vr 2 \ /J 2 6 



2 / \ 2 



4 

m 


(- 


2 

m 














fin 


u, 2 






- 3 




7I 4 





hence 



while 

v + <»> = -«v I. 1 - + si? I'V - 3 J • <314) 

Let us now try to get an estimate of the vacuum state of the theory. In comparison with 
the case where only the gluon or ghost condensation is considered, we have now an additional 
complication, due to the presence of two mass scales. Usually, when only a single scale is present, 
one chooses the renormalization scale 7i 2 in such a way that potentially large logarithms vanish 
in the gap equation. In the present case, two different logarithms show up. In order to keep 
some control on the expansion, we shall use the RG invariance to explicitly sum the leading 
logarithms (LL) in the effective potential. To this end, we notice that the potential can be 
rewritten as 



5 3(iV 2 - 1 



64vr 2 



2°° / 2\ n / Q \ 

for a LL-expansion 3 , where ao = —bo = \- For the time being, we shall only consider the part in 
m 2 . The analysis for the part in uj is completely analogous and independent from the m 2 -part. 
We set 

H^9 2 = /3(<7 2 ) = -2^/3 n ( 5 2 r 2 , 

n=0 

TZ^lnm 2 = l2 (g 2 ) = Y^ln(9 2 ) n+l ■ (3.16) 

n=0 

Since we know that the effective potential should be RG invariant, we find that 

oo oo 

(To + Po) ^ a n u n — (Pqu + 1) + l)a n +iu n = + next-to-leading order . 

n=0 n=0 

(3.17) 



3 A term like m 4 (g 2 In or lo 2 (jg 2 In =5-^ shall not occur, as there are no infrared divergences for m 2 = 0, 
w / or m 2 ^= or to = 0. 
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We have defined 

2 

u = g 2 \njp. (3.18) 

Setting 

CO 

F(u) = J2a n n n , (3.19) 

n=0 

then ea. (|3.17[) translates into a differential equation 

(70 + Po)F(u) - (p u + l)F'(u) = , (3.20) 

which can be solved to 

F(u) = ~(l + p u) Aj , (3.21) 
as we have the initial condition -F(O) = i. Using this result, we can write 

7Q 

2 . _ . m 4 (/Z) (1 + , 4 ,_, / Ci 5 3(iV 2 -i; 



^ ( ™ } = C ° 2^) (1 + +m ^{-^- 6 J + • • • 

> m 4 (m) 4/ . / Ci 5 3(iV 2 -1)\ , . 

as the running quantities at scale ~p get replaced by their counterparts at scale m. 

The same could be done for the ghost condensation part, so that we can write for the LL summed 
effective potential 

V = + i # f-6 - ^ - *>) - S>% - » V (3.23) 

2 | 2 V 2 6 64vr 2 / 2^ V 2 32vr 2 / v y 

where it is understood that the barred quantities like ~g 2 are considered at scale Jl 2 = m 2 , and 
the tilded quantities like g 2 at scale Jl 2 = u>. 

For further usage, let us first quote the explicit values of the anomalous dimensions of g 2 , m 2 
and lo. Using the definitions (|3.16|) one shall find in e.g. that 

A 11 N 



3 16vr 2 



3 N 

■><> = -55S? • < 3 - 24) 



Defining 

9 



^— In a; = K (j 2 )=V K „(9 2 f +1 , (3- 2 5) 

one can infer from ^Hj and the definitions (|3.5|) - ()3.12j) that 

<9 2 ) = \^ + lA{9 2 ), (3.26) 
2 # 2 

where 7^ (g 2 ) is the anomalous dimension of the gluon field in the Landau gauge as defined in 
P3|. Hence, 

35 N . n . 

K ° = "TW • (3 - 27) 
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We are now ready to determine the minimum configuration. The gap equations we intend to 
solve are given by 







dv 

dm 2 



dV () 

duo 



=| + Co(A) + 7o) 
9 

PO 



^-po(/3o + «o) + 2 ^ 



,/Ci 5(iV 2 -l) 
2 128?r 2 



Pi 







g 2 



32tt^ 



. 



or 







9 


16vr 2 


AT=2 


37 ? 


^iV 




36 


16vr 2 


N=2 


385 



0.094 . 



Using the one-loop MS expression 



9 2 (P) 



1 



MS 



one extracts from the values (|3.29j) the estimates 



m 2 



;33 A± 



3-07A|3 , 

l2 



W = ei2A^ « 18.48A^, 



while for the vacuum energy, ea. ()3.11|) . we obtain 

E mr « -1.15A4 



(3.28) 



(3.29) 



(3.30) 



(3.31) 
(3.32) 



As the RG improved coupling constants of ea. (|3.29|) are relatively small, the performed expansion 
should have some trustworthiness. Evidently, explicit knowledge of the higher order contribu- 
tions would be necessary to reach better conclusions about the reliability of the presented values, 
but this is beyond the scope of this article. 



4 A study of the one-loop ghost contribution to the vacuum 
polarization. 

We shall now start to investigate the consequences stemming from a nonvanishing condensate 
^e 3bc c b c c ). Let us begin by making a detailed study of the one-loop ghost contribution to the 
vacuum polarization. Before starting with the explicit computations, it is worth giving a look 
at the Ward identity obeyed by the one-loop vacuum polarization stemming from the Slavnov- 
Taylor identity describing the theory in the condensed vacuum. To focus on the role of the ghost 
condensate, we switch off, for the time being, the gluon condensate \Afy. Its inclusion can be 
done straightforwardly. Let us start thus with the action 

S = S YM + S GF + I d A x + -V^ c c 6 c c + 9 - {e abc ^c c ) 2 ) , (4.1) 

where 

(^ a (x)) = 0. (4.2) 
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Requiring that 

s a = S( j) a = -g 2 s {e abc c b c c ) , (4.3) 
will assure that S is left invariant by the following nilpotent BRST transformations 

sA% = -D« b c b , 



S( j) a = -g z ^e abc b"c c + ^e abc c b e cmn c m c n j , 

scp* = , 
sTf = b\ 

sb a = 0, (4.4) 

thus 

sS = . (4.5) 

In order to obtain the Slavnov- Taylor identity, we introduce external sources L a , F a coupled 
to the nonlinear variations of the fields. 

S cxt = J d 4 x [~Q.°:D ab c b + g -L a e abc c b c c + F a s^ , (4.6) 

The complete action 

E = S + S ext , (4.7) 

obeys the Slavnov- Taylor identity 

5(E) = 0, (4.8) 

where 

o,v^ f ,4 MS <5E (JE <5E 5S <JE ,„<JE\ . 

s ^ - J + m «? + u*^ + 6 *0 • (4 - 9> 

Due to the absence of anomalies and to the stability of the theory, the Slavnov- Taylor identity 
(|4.8|) holds at the quantum level, i.e. 

^(D = y ^ + = , (4.io) 

where V 

r = E + ? i r 1 + ... , (4.11) 
is the generator of the 1PI Green functions. 



4.1 Ward identity for the vacuum polarization. 

Let us now derive the Ward identity for the vacuum polarization at one-loop level following from 
the Slavnov- Taylor identity (|4.10[) . At one-loop level, one has 

T = E + /ir 1 , (4.12) 

so that the Slavnov- Taylor identity becomes 



, , ST 1 <JE 5E 8F 1 5F l 5E 5E 5T l 5T l <5E <5E 5T 1 in 5F l 
(Fx I I 1 1 1 ~ I — h b 

5 A* Sn^ 5A* 5L a 5c a 5L a 5c a 5F a ^ SF a 5c a 



(4.13) 
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From 



6£l 

sn- 

5L a 
5F a 



D ab c b ] I 



g £ abc c b c c 

2 



• r 



-g 2 (e abc b b C C + l £ ^b £ cmn c m c n 



■ r 



(4.14) 



where [O ■ T] denotes the generator of the 1PI Green functions with the insertion of the com- 
posite operator O, it follows that 







(fx 



D ab c b \ ■ V 



i 5T, 
XaJ 



D« b c b ) ^ 
" J 8 A?, 



+ 



9_ ^abc J> „c 

2 



i 5T, 
5c a 



+ 



2 / <5c» + 



2 / 'abcrb c , 9 abc—b ^cmn m n 

-g ye b c + — e c e c c 



- 5 2 (> 6c & 6 c c + ^ e abc c 6 e cmn c m c n ) S- + b a ^ 

Acting on both sides of ea. (|4.15|) with the test operator 

5 2 



8c a (x)5A b ,(y) ' 



(4.15) 



(4.16) 



and setting all fields and sources equal to zero, A a = = c a = L a 



pa _ yi 



one obtains the Ward identity for the vacuum polarization in the condensed ghost vacuum 

^r 1 _ <t>* f s 2 [J d 4 z (e 3n Pb n c p) z • r] 1 \ 



Of, 



" 5A-(x)8A b v (y) Po \ 5c a (x)5A b u (y) 



(4.17) 



The right hand side of equation Q4.17JI is the one-loop 1PI Green function with the insertion of 
the integrated composite operator J d A z (e 3np 6 n c p )^, with one gluon and one ghost as (ampu- 
tated) external legs. This Green function, shown in Figure 1, is nonvanishing. 



j d 4 z(e 3np b n cP) :: 




Figure 1: The Green function appearing in the r.h.s. of ea. (|4.17|) 



For instance, for the Fourier transform of the component a = b = 3, one finds 



\ 



Jd^xx (e 3np b n C P) xi 



Mf(p,u) , 



5c 3 5Al 



(4.18) 
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with 



MfM = -2 9 * I ^^ + f- 2 ^ p : (s PT - b-W-Qr. (419) 



{2ir) d (k* + u 2 ) [{p-kf + wA V " (p-fc) 
where use has been made of the mixed b — A propagator 



b a (k)A b J-k)) = ^ . (4.20) 



From the identity 



it follows that 



k 2 

k 2 1 J 2 



k 4 + to 2 k 2 (k 4 + to 2 ) k 2 ' 



(4.21) 



VW 33 (p, w) = .M 33 (p, 0) + u'Mt 6 (p, U3) , (4.22) 

where Al 33 (p, 0) is logarithmic divergent, while .M 33 (p, is ultraviolet finite. One should 
certainly notice that the right hand side of ea, ()4.17|) is proportional to the ghost condensation 
</>*• 

In summary, the Ward identity (j4.17j) shows at a formal level that the one-loop vacuum po- 
larization in the condensed ghost vacuum is not transverse. This will be explicitly checked in 
section 6 at one-loop order. We recognize that, in the absence of the ghost condensation, the 
well known result of the transversality of the vacuum polarization is recovered. 

We observe that, due to Lorentz invariance, one may write 

^M™(p,u)=a? 3 (p,u)p v , (4.23) 
Po 

where a 33 (p, uj) is a suitable scalar quantity. The Ward identity (|4.17l) becomes thus 

p^(p, W )= a 33 (p,^, (4.24) 
where II 33 (p, to) stands for the vacuum polarization. Equation ()4.24j) can be recast into the form 

p M (n 33 (;p, W ) - a 33 (p,u;)V) = , (4.25) 

which is suitable for analyzing the location of the pole of the complete gluon propagator Q^uip) 
in the condensed vacuum. 



5 Ward identity for the gluon propagator. 

Having discussed the breakdown of the transversality of the vacuum polarization due to the 
ghost condensation, one might wonder what happens with the gluon propagator itself in the 
ghost condensed vacuum. 

5.1 Consequences of the ghost condensation on the pole of the propagator. 

In order to have a better understanding of the Ward identity (|4.17j) , let us discuss the resulting 
modification on the location of the pole of the gluon propagator Q l _ L p{p). From ea. ()4.25|) . it 
follows that 

II 33 (p,u;) = (V - ^\ n 33 (p,„) + a 33 (p,co)5, 1/ . (5.1) 
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Therefore, for the complete one- loop propagator Gf^ip) one has 



,33 ( ) = PAP) _ PM n 33 ( u) _P?v(P) 
V W p 2 + m 2 p 2 + m 2 A V^> ^2 



= - Sn^(^)S , (5-2) 

where 



iV(P) = ^- £ ^. ( 5 - 3 ) 



is the transversal projector. Thus 



*V(P) ^p(f) D /^tt33/„ a P°v{p) P^piP) „33/„ ,u P <™b) 



j,2 _j_ m 2 p2 _|_ m 2 ' p2 _|_ m 2 ^2 _|_ m 2 ' Z" 7 ^2 _|_ m 2 

PM P»u{P) n 33 (p,w) P^(p) a 33 (p,w) 



p 2 + m 2 p 2 + m 2 p 2 + m 2 p 2 + m 2 p 2 + m 2 
PAP) ( 1 _ (n 33 (p,u;) + a 33 (p^)) \ ^ P^(p) 



p 2 + m 2 \ + m 2 j p 2 + m 2 i + (n 33 (p,^)+a 33 (p,a;)) 



■ (5-4) 



Finally 



C 33 (r>) P^(P) (rz\ 

y »^ p >- p 2 + m 2 + m(p,uj) + a 33 (p,u;) ' 1 



from which one sees that the location of the pole is indeed affected by the presence of the 
quantity a 33 (p, u). 

Analogously, for the components (a, 0) of the gluon propagator, one shall find that 

g$(p) ~ 6* „ , y ) -, r , (5.6) 

^ K ' p 2 + m 2 + II(p, cj) + o(p, 

with 

n$(p,w) = 5^ (U^ - ^) U(p,co) + a(p,w)v) . (5.7) 

Equations Q5.5JI . ()5.6() express the physical meaning of the Ward identity (|4.17j) . namely, due 
to the violation of the transversality of the vacuum polarization in the condensed vacuum, the 
location of the pole of the propagator is affected by the quantity A4 v (p, u) appearing in the 
right hand side of ea. (|4.17|) . We also notice that the gluon propagator, being proportional to 
the projector P fJiU (p), ()5.3|) . remains transverse. This will be formally proven in the following 
subsection. 



5.2 Transversality of the gluon propagator. 

As the gluon propagator is the connected two-point function, we should consider the generator 
Z c of connected Green functions, obtained from the 1PI quantum action V by means of a 
Legendre transformation. Therefore, we introduce sources Iff, Jff and K£, respectively for the 
fields b a , A® and c a . The effective action ()4.11|) obeys the Ward identity 

^-=d^ + g 2 e ade F d c e . (5.8) 
At the level of Z c , this identity is translated into 



$Z C o „^ SZ C 
J" 
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from which one deduces 

= 0* — 



= d£g? u (x,y), (5.10) 

F,I,J,K=0 



meaning that the gluon propagator does remain transverse in the ghost condensed vacuum. 

6 One-loop evaluation of the ghost contribution to the vacuum 
polarization. 

In this section, we shall discuss the one- loop contribution to the vacuum polarization coming 
from diagrams that contain internal ghost lines, denoted by (H^,(p, <^)) gh - 

In order to evaluate the one-loop ghost contribution to the vacuum polarization, let us first 
remind the form of the tree level gluon and ghost propagators in the nontrivial vacuum, given 
by (Al) ± and (e abc c b c c ) / 0. From [711101, the g luon 

propagator reads 

A U k ) A U- k )) = Sab W^( 5 ^-^) > 6 =1,2, 3. (6.1) 

Here we see the meaning of the parameter m 2 , defined in ea. ()3.12|) . It corresponds to a dynami- 
cally generated tree level gluon mass parameter. At higher orders, quantum polarization effects 
will affect the value of that mass parameter. In the absence of the ghost condensation, this was 
discussed in ^2j El • 

For the ghost propagator corresponding to the Overhauser vacuum given in eq. (j4.2j) . we have 

m 

(c\k)c 3 (-k)) = -L, 

\ S a/3 k 2 — dip 01 ! 3 

<**(k)cP (-*>)) = k4+ ^ , a,/? = 1,2, (6.2) 

where Here we see that the behaviour of the ghost propagator is changed by the 

presence of the nonvanishing ghost condensate: there is a clear distinction between the diagonal 
and off-diagonal part of the propagator. 

At one-loop level, the relevant interaction vertex which has to be taken into account in order to 
evaluate (n£*(p, <^)) gh , is the ghost-antighost-gluon vertex, e abc <9 M c a A^c c . 

6.1 Evaluation of the off-diagonal component (n^(p, a;)) . 

Let us consider the off-diagonal component of the ghost contribution to the vacuum polarization, 
given by 

(H^(p, W )) gh =^ £ «nn £ P Pq J 0_ {p _ k) ^ ku{ - c rn cq)p _ k{7 v c n )k ( g _ g) 

A little algebra results in 

1 {5^k 2 + ugg) 1 (P ~ fc) 2 ~ ^) 
k ~ ~(p-k) 2 k^ + uj 2 k 2 (p - kf + to 2 ' 

(6.4) 
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hence 

d d k 1 (6 a ^k 2 + ue a ^) 



UJ 2 



r d d k 1 (5^ ( P -k) 2 -toe^) 

7 (2n) dK '» k {p-kf + u 2 K ' 

Use has been made of the property 

e aS e S/3 = -5 a/3 . (6.6) 
In the second integral in eq. Q6.5|) , we make the change of variables 

kfi -> Pfi ~ , (6.7) 

to find that 



;, ^ _ _ ii 2 a -„i / k 2 (p^ky + pyk^ 2k ti k v 

(2?r) d (p - A;) 2 (A: 4 + w 2 ) 

y (27r) d (p - k) 2 (k 4 + oj 2 ) ' 
Since the last term in ea. (|6.8j) vanishes due to its antisymmetry, we arrive at 

(DJgfc .)) gh = J ^p^^l , (M) 

which coincides in fact with the expression found in |34j . 
Before calculating (llffi(p, u>) ) , we notice, by making use of the relation 



gh 

k 2 1 u; 2 



k 4 + w 2 k 2 (k 4 + a; 2 ) A; 2 ' 



that 



where 



and 



^(P,u;j gh - gd j ^ d {p _ k) 2 k2 



roiPin , ,\ _ „2 A a/3 /" ^ (ppK + pykfj, 2k^k v ) 



(6.10) 



n^(p,a;)) gh = (n^(p,o)) gh + w 2 J M t(p, w ) , (6.11) 



IC(p, 0) = -g'5 ap £ ' "7 ' , ( 6 .i2) 



(6.13) 



One observes that only the term (ll^0(p, 0)) is ultraviolet divergent, while the w-dependent 

\ /gh 

part J^u(p, lj) is convergent by power counting. The divergent part of (lT^(p, u) ) is thus the 



same as if it were computed in the absence of the ghost condensation. 
To calculate explicitly (ll^(p,ui)j , we shall concentrate on 



gh 

"'/.• ( 1, /.•.. • n. h. ••>/.- /.-. I 

(6.14) 



d d k k 2 {p^K + Pukfi 2k ^k u 
(27r) d (p - k) 2 (k 4 + to 2 ) 
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Using 



it follows that 



k 



7T, 



d d k 



(27r) d \k 2 + iu) (p-k) 



k 4 + to 2 2 
Pfiku ~ k^k v 



k 2 + 



k 2 



iuj 



d d k 



{2n) d \k 2 + iuj ) (p-k) 



Pijk^i k^k v 



+ (w 



Setting 



7T 



then clearly 



tfife 
(2^7 

1 . 



k^k v 



k 2 + iuj) (p-kf 



7T 



/if 



-7T 



+ 2^ 



+ (w — > —oj) . 



(6.15) 

-a/). 
(6.16) 

(6.17) 
(6.18) 



Introducing a Feynman parameter and employing dimensional regularization, one shall find after 
some calculation that 4 for ea, (|6.18|) 



1 



7T 



16vr 2 

,2 



-^r I - — r arctan ; h - 



2oj 6 



1 



d \3p 



9 



12p 2 2 6a; 2 
h 13p =- 

e p z 



In — — 3 h 2w arctan T In 



U3 



+ 



7i 4 

2w 3 p 2 
7~ circtcLri — ~ 

3 p 6 LJ 2 
1 . p 4 + LO 2 Iuj" 



3 

In 



+ 



i 



6 



7i 4 



H r In 

2p 4 
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2 



p- 

12 



p 4 + w z 



+ 10 + 12- 



p 4 +UJ 2 



(6.19) 



As such, we obtain at last 



(n#(p,«: 



gh 



16vr 2 



-'/if 



2w d p 2 1 
r arctan 1 — 



3p 4 



9 



12p 2 9 
P +13p 2 



6a/ „ , 
— + 3p< 
p z 



^ln^±^ + 2.arctan4-^ln^ 
3 p 2 p 2 p 4 



+ 



2 iv 3 p 2 1/12 w 2 
--^ arctan ^ + — h 10 + 12— r 



1 , p 4 + w 2 lw 



3p 6 

,2 



6 



In: 



M 4 



H t In 

2p 4 
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2 



p 4 + W 2 



(6.20) 



According to the analysis of the Slavnov- Taylor identities, the contribution to the vacuum po- 
larization, that is induced by the ghost condensation, displays a violation of the transversality, 
as it is apparent from the above expression (|6.20|) . 

The result (|6.20|) can be compared with that of 34 . In order to do so, we observe that the 
MS renormalization was not performed in However, a careful examination reveals that our 
results are in perfect agreement with those of |34j. keeping in mind that 



7 + ln47r — lnp 2 



vr 1 

arctan — 

2 x 



MS 



p 2 

In =7 



1 p 4 
-- In— r 

2 fx 



arctan x , Vx > 



(6.21) 



The property that ^ In *_. x = arctan x was employed. 
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6.2 Evaluation of the diagonal component (n^(p, <^)) gh - 

Let us take a look at the diagonal component (lL^(p, w )) gll - From expressions (|6.2j) , one has 

A (p - fc) u fc„ 



(n>,u,)) gh = ff W> | 



(2^) d f(p - k) A + uj 2 ^ (fc 4 +u; 2 ) 
(<T 7 (p - k) 2 - uje a ^){5 5p k 2 - Lue s/3 ) 

2 [ (p- k )^ k v ( , , -2,2 



V / -^—i-, -4 - (p - fc ) fc + w ( 6 - 22 ) 

' (2*)*((p_;fe)* + w 2)(;fe4 + w2) l 



One can check that 

(p - /c) 2 /c 2 



((p - A:) 4 + w 2 ) (fc 4 + u; 2 ) 



^ 2 I 7- -: V= 7— + t ,, 2 ,:, . I (6.23) 



{p-kfk 2 ~ \((p-k) 4 + u 2 )( P -k) 2 (k* + u 2 ) (p-kf{k± + u 2 )k 2 

leading to 



where 



and 



(njt(p,")) gh = (n»(p,o)) gh + ^j»;(p.^) , (6.24) 

(n>,0)) g ^-2^/^^M, (6.25) 



(2Tr) a ( P - ky k 2 



,33, n _ o 2 / d d k (p-k)^K 



+ -? ; x + 



{p-kf + u 2 } Up - k) A + oj 2 ^ (p - k) 2 (p~k) 2 k 2 



(6.26) 



Again, we observe that only the term (llj^(p, 0)) h is ultraviolet divergent, while the w-dependent 
part J^ip-, oj) is convergent by power counting. The divergent part of w )) gll is thus the 

same as if it were computed in the absence of the ghost condensation. 

Unlike in the off-diagonal case, we shall not determine the diagonal part of the polarization 
tensor, (lL^,(p, u)) , for general incoming momentum p. To obtain the full expression for 

(n^(p, ^)) gh i very tedious calculations would be required. To illustrate how complicated things 
can become, we have collected some more details in the Appendix A. 



7 Mass splitting. 

We now come to another consequence due to the presence of the ghost and gluon condensation. 
We recall once more that the condensate (-A^) gives rise to an effective dynamical mass in the 
gauge fixed action jlUl I7j. as it is apparent from eans. Q3.4Jl and from the propagator in ea. (|6.1|) . 
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In the absence of the ghost condensation, this mass is the same for all colors. In the presence 
of the ghost condensate <^e 3bc c 6 c c ), the interesting phenomenon of the splitting of the diagonal 
and off-diagonal gluon masses takes place, due to quantum corrections induced by the vacuum 
polarization. 

7.1 Identification of the mass term. 

As we have seen in the previous section, the w-dependent part J^{p, u>) of the ghost contribution 
to the vacuum polarization is free from ultraviolet divergences. Furthermore, according to 
eans. (|6.13|) and (|6.26|) . J9^(p,u) attains a finite value at p = 0. This allows us to interpret 
J™(0, a;) as a contribution to the gluon mass in the effective action. Consider in fact the one- 
loop two-point function part of the 1PI effective action, namely 

\ J ^A^p)Uf v A b u (-p) , (7.1) 

where 11^ stands for the complete one-loop vacuum polarization. Let us consider, in particular, 
the w-dependent part of the ghost contribution 

\ J -^A^p)J$(p,u)Al(-p) , (7.2) 

which can be rewritten as 

\ J {J£M - J#(o,")) aU-p) + \J ^^2(p)j#(o,«)4(-p) • ( 7 - 3 ) 

The second term in expression (j7.3j) is interpreted as an induced mass. In the next section, we 
shall see that this term will be responsible for the splitting of the masses of the diagonal and 
off-diagonal components of the gluon field. 

To avoid any confusion, we mean with mass thus the 1PI effective mass obtained from the 
vacuum polarization at zero momentum. 

One could also study the pole mass. In the absence of the ghost condensation, the pole of the 
(Euclidean) gluon propagator was calculated in the LCO formalism in |121 113j . In principle, 
a study along the lines of ^2j might be done also in the present case, but we would need 
knowledge of the polarization tensor at nonvanishing momentum. We mention again that, in 
case of (ll^(p, w)) gh , this is a highly complicated task (see Appendix A). A determination of 
the pole mass might be useful in order to facilitate a numerical comparison with other values in 
the unsplitted case, but this is beyond the aim of the current paper. 

7.1.1 Evaluation of (±1^(0)) gh - 

For the one-loop ghost contribution to the vacuum polarization at zero momentum we get 
with 

(n») = / ~^hk 2 {c m c«) k p<?) h . (7.5) 

v y gh J (2tt) 
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7.1.2 Evaluation of the off-diagonal components ^IT^(O) 

Let us begin by evaluating the off-diagonal components 5 (llpp(0)j , a, (3 = 1,2, namely 



(ll#(0)) h = / T^fc 2 («) fe <c^) fc . (7.6) 



gh 7 (2tt) 

From ea. (|6.9|) with = 0, one derives 



n-,o)) gh . 2^1^^^/^^^, (7.7) 



hence 



- (7 - 8> 



7.1.3 Evaluation of the diagonal component (11^,(0)) . 

It remains to evaluate the diagonal component (nj^(O)J h - Setting = in the expression 
(|6.22|) . one derives 

(UfJO)) = -g 2 ! ^^(_2fc 4 + 2u; 2 ) . (7.9) 

I PP y ))& j (2vr) d (A; 4 + ^ 2 ) 2 1 ' K ' 

One can check that this can be rewritten as 



CO"))* = - W / |£ (j^^y + jj^f ) ■ ("0) 



Observe that the integrals in the left hand side of ea. (|7.1U|) are ultraviolet finite. Making use of 

d 4 k 1 11 

(2vr) 4 fc 2 (fc 4 + w 2 ) ~ 32^w ' 

?4 1. l2 



/• rf 4 fc fc 2 1 1 

7 (2tt) 4 (£; 4 + w 2 ) 2 64ttw ' ( ' j 



we obtain 



2, 



We see thus that (nj^(0)) gh / ^LTpp (0)j , implying that the ghost condensate (e ahc c h c c ) 

removes in fact the degeneracy of the gluon mass. Notice, in particular, that the diagonal 
component of the vacuum polarization at zero momentum is twice the off-diagonal part, a fact 
already observed in [HI] in the case of the Curci-Ferrari gauge, see eq.(28) of 

5 The mixed component (11^(0)) h , = 1,2, is easily seen to vanish. 
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7.1.4 Determination of the pure gluon component (n^(0,u;)) . 

We shall also need the contributions to the vacuum polarization which are coming from one-loop 
diagrams built up without ghosts. Due to the form of the gluon propagator given in ea. (|6.2j) . 
these diagrams give the same contribution to both diagonal and off-diagonal masses. It is 
important to keep in mind that the polarization is not solely determined from the usual Yang- 
Mills interactions, by employing the massive gluon propagator, eq. (|6.1|) . We draw attention to 
the fact that one should calculate with the action Q3.4|) describing the condensed vacuum, where, 
next to (|4.2|) . one has 

a(x) = cr* + a(x) , 
(a(x)) = 0. (7.13) 

For example, there will be novel contributions coming from the extra four-point interaction, 
that adds to the snail diagram, which is no longer vanishing when the massive propagator of 
eq. ([6.1|) is employed. Furthermore, there is a IP I diagram generated from the (crAA)-vertex, 
also contributing to (11^(0, w )) gl - 

Here, we shall not enter into the details of the calculation, as the relevant diagrams have already 
been evaluated in ^J^3- We shall only quote the result at p 2 = 0, 

where we have dropped already the divergent part in i, as we are assured that the theory is 
renor malizable . 



7.2 Interpretation of the mass splitting. 

As we have seen, the ghost condensate (e abc c b c c ) induces a splitting in the gluon masses through 
quantum effects. Also, as observed in [331 134j . the contribution of the ghost condensate to the 
effective gluon mass is negative. For the splitting of the gluon masses at one-loop order, we may 
write 



2 2 , r 2 9 2{j} 

TO dia g = m +5m 



2 u 

™off-dia g = m 2 + 5m 2 - — , (7.15) 

where Sm 2 stands for the contribution to the vacuum polarization at zero momentum following 
from one- loop diagrams built up with gluons only. Explicitly, from ea. l|7.14|l . 

g 2 2 / 7 17 m 2 

Kin in — ; 

16vr 2 V 48 8 ~P' 

where we have set N = 2. 



We could also use the RG invariance here to sum the leading logarithms. Contributions oc u shall 

only be multiplied by powers of g 2 In =^ as the limit m 2 — > exists, thus terms like g 2 m 2 In ^ 

fx ^ 

cannot appear. The same holds true for contributions oc m 2 . Similar to what happened in 
section 3, running quantities will get replaced by their values at the mass scale m 2 or u>. More 
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precisely, 



2 — 2 i 

m diag = m + 



9 2 —2 1 
16tt 2 \ 


v 48 ) 


~2~ 




32tt 


a 2 —2 / 

167T 2 \ 




~2~ 




64vr 



= 7TT+ 16^ M %-48j-64^' (7 - 17) 
Let us take a look at the numbers. Substituting the quantities quoted in ea. Q3.31J) . we arrive at 



,2 



1.66AiL 



m diag ~ X,UUJ1 MS ' 

™off-diag « 2.34A|3, (7.18) 

We notice that 

"idiag < m off-diag 1 ( 7 - 19 ) 

In the MAG, the gap existing between the diagonal and off-diagonal gluon masses was interpreted 
as analytical evidence for the Abelian dominance |31M32ll2*2"llllj . Analogously, we could interpret 
the result Q7.18J) - Q7.19|) as a certain indication that a kind of Abelian dominance might take place 
in the Landau gauge too. Of course, the numbers 6 in ea. (|7.18|) should be interpreted with care: 
a difference between both masses shows up, but this difference is far to small to see it as the 
ultimate proof of Abelian dominance in the Landau gauge. Even in the MAG, the existing 
difference in diagonal and off-diagonal mass is taken only as an indication. Moreover, it is 
interesting to observe that in the Landau gauge, a distinction can arise between the diagonal 
and the off-diagonal sectors of the gauge group, albeit the gauge fixing itself respects the global 
SU{2) invariance. The MAG already makes a distinction between the diagonal and off-diagonal 
part of the gauge group from the beginning 7 . As we have discussed in in the MAG the 
condensate Q^A^A® + ac a c a ), which is the counterpart of (AV) in the Landau gauge, provides 
a mass only for off-diagonal gluons, thereby already giving an indication of Abelian dominance 
in the low energy region without the inclusion of ^e 3bc c 6 c c ). The combined effect of the ghost 
condensation as well as of (i^A^A^ + ac a c a ) are currently under investigation in the MAG. 

In the absence of the gluon condensation {AV), thus m 2 = 0, eq. (j7.15|) shows that the diagonal 
and off-diagonal gluon fields attain an effective mass which is tachyonic. This fact was first 
observed in [SHj in the case of the MAG and later on confirmed in the Curci- Ferrari gauge [HI] ■ 



8 Conclusion. 

We have studied simultaneously the condensation of the mass dimension two local composite 
operators A 2 ^ and f abc c a c b in the case of SU(2) Yang-Mills gauge theory in the Landau gauge. 
This extended the already existing research on the gluon condensate \A 2 ) |SJ EI! an d the 
ghost condensate (e 3bc c a c b ) (HEM- 

Employing the LCO formalism to construct the one-loop effective potential, we have shown 
that both condensates are dynamically favoured as they lower the vacuum energy. The renor- 
malizability of the resulting theory has been proven to all orders by means of the algebraic 
renormalization technique j^Hi • We also presented a study of some effects induced by the ghost 

6 We are unable to provide an estimate in terms of GeV, as, to our knowledge, an explicit value of A^- 2,JV/ 
is not available in the existing literature. 

7 As a matter of fact, only the off-diagonal gauge freedom is fixed. A supplementary condition has to be imposed 
on the diagonal part of the gauge freedom, as for instance an Abelian Landau gauge, as used in |26llllll5Tll3'2| . 
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condensation. We have shown, by analyzing the Slavnov- Taylor identities in the ghost con- 
densed vacuum and by explicit one-loop calculations, that the vacuum polarization is no longer 
transverse, whereas the gluon propagator is. 

In the LCO formalism, the nonvanishing condensate {Afy gives rise to an effective tree level 
gluon mass, thus the lowest order gluon propagator gets modified, as it is apparent from ea. (|6.1|) . 
Likewise, the ghost condensate (e 3bc c a c b ) influences the ghost propagator, given in ea. (|6.2j) . 
We determined the one-loop correction to the effective gluon mass and found that the ghost 
condensate induces a splitting between the diagonal and off-diagonal sector. The effective off- 
diagonal gluon mass turns out be larger than the diagonal one. This might be interpreted as 
a first analytical indication for a possible kind of Abelian dominance in the Landau gauge, 
analogously to what was done in the case of the maximal Abelian gauge in [3111321 l2*2"llll| . It is 
worth mentioning that, recently, some evidence for the Abelian dominance in the Landau gauge 
by lattice numerical simulations was announced in the works |18| I19j , where the appearance of 
an Abelian dual Meissner effect in this gauge has been pointed out. However, in the more recent 
work [44 by the same authors and others, this opinion was changed and it was reported that 
no evidence for Abelian dominance is observed in the Landau gauge. 

Finally, we hope that our results could stimulate further lattice numerical studies of the ghost 
propagator. It would be very interesting if, somehow, one would be able to simulate the Over- 
hauser vacuum (|4.2|) . This could allow one to investigate the diagonal and off-diagonal part of 
ghost propagator, which turns out to be affected by the ghost condensation, see eqns, (|6.2|) . At 
the time of finishing this work, we have been informed about the results appearing in |43j . In 
this paper |43j . a numerical study of the ghost condensation in the Overhauser channel for SU(2) 
lattice gauge theory in the Landau gauge was performed. The data was fit to the theoretical 
prediction given in eq. (j6.2|) . and assuming a small value of the ghost condensate, the fitted power 
law behaviour tended to be ~ p~ 4 , in accordance with the theoretical prediction following from 
eq. ([6,2[) . This is promising as it is first numerical indication that a ghost condensation might 
occur in the Landau gauge, although to obtain more conclusive results, simulations at larger 
physical volumes will be certainly necessary. 
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A Appendix: (lL™(p,u))^. 

In this Appendix, we shall outline some details concerning the evaluation of (Tlj^(p, ^)) gh , given 
in eq.fEEJ). 

We shall concentrate on 

" / 7f%7 (" (p ~ *> 2 * 2 + - 2 ) • (A' 1 ) 
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Using the decomposition twice, one can write 

^ - a J {2nyv( P -ky \ [p k) k + UJ 



11 11, 

+ (u -> -w) , (A.2) 



(p — /c) 2 + /c 2 + (p — k) 2 + iu k 2 — iu 
meaning that we must calculate 

2 / d d k (p -k) k v ( 1 1 



^ J (2-ir) d k 2 (p - k) 2 \{p- k) 2 + iuk 2 + iu (p - k) 2 + iu k 2 - iu 

d d k , , / 1 1 1 1 \ 

{p-k) u K[- , . „ ■ t ■ - „ ■ t + 7- , , 2 : t ; , 2 777 1 ■ (A.3) 



(2-7r) d M \ (p — /c) 2 + iu; k 2 + «cj (p — k) 2 + iu k 2 — iu 

Therefore, let us study the basic types of integrals we shall need to perform the full calculation, 
being 

^ J (27r) d k 2 (p - k) 2 \{p-k) 2 +iuk 2 ±iu) ' 1 ' ' 



d d k ( 1 1 

( 27r) d^ K) » Ku \( p -k) 2 + iuk 2 ±iu 



J % = I jk^d (P " k )a k » ( ,„ I ~ . 179. I I . ) • ( A -5) 



Let us begin with I^ v . We shall have to employ the generalized Feynman trick, 
1 



-1 

ASCI) J a ~~[ x A + yB + zC+{l-x-y-z)D] 

which leads to 



dxdydz j , (A.6) 



<i A: Vti.ky k,,k. 



itu = 6 / dxdydz / - — -r — — j . 

Jo 7 (2vr) [yp 2 _ . _|_ Z p 2 — 2zp ■ k + ziu + k 2 ± (1 — x — y — z)iu] 

(A.7) 

The substitution 

K = k — yp — zp , (A. 8) 

allows to conclude that 

T ± f ddR - S -^K 2 +p,p u {y + z)(l-{y + z)) 
IjZ, = 6 / dxdydz / 77r - T7 — 2 r _ . A 7774 , (A.J 



o 



(27r) d [i^2 + A ±f 



where 

A ± = p 2 (-y 2 - z 2 - 2yz + y + z) + ziu ± (1 - x - y - z)iu . (A.10) 

Both i^-integrations showing up are finite, and can be directly computed without any regular- 
ization, leading to 

1% = [ dxdydz (--Jg^ + fg(y + *) (i - (y + *)) ^) . (A.ll) 

From the previous expression, it might be clear that the triple integral in (x, y, z) is far from 
being trivial and would give rise to a very complicated final result. We shall not attempt to 
calculate it any further. 
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As a check of the computation of (nj~(p, h , we could determine its pole structure and 
compare it with the output determined by the symbolic language Form |42| . in which case 
the integrals were calculated by expanding them in the external momentum p. The ^ part is 
completely determined by the integrations of the type J^ u , as is finite. We introduce once 
more a Feynman parameter to write 



J; 



Substituting K 

Jt 1 



fJ,U 

k ■ 
i 



dx 



d d k 



k^k v 



(2Tr) d [xp 2 — 2xp ■ k + k 2 + xico ± (1 — x)itu) 2 ' 
xp, one finds 



dx 







a 



4 <J± 
— + 21n^ 
e /r 



^ 16vr 2 

after the necessary simplifications, where we defined 

5 ± 

We remind that 



1 +x(l 



In 



7i 2 



9 9 9 / 

x p + xp + xiui ± (1 



x)iu 



W(p,w)), 



5" 



;; // "I - /if 



'gh 2 

while simplifying the J^-part leads to 

5 2 



(w -» -w)) + (J+ + + (w 



-a; 



))] 



))] 
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1 



2 16vr 2 



~~d 



— + finite J + 



— + finite ] 
3e / 



and we conclude that 
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^2 



(A.12) 



(A.13) 



(A.14) 



(A.15) 



(A.16) 



(A.17) 



This result is in accordance with the result obtained by using Form. Let us finally mention 
that the complete result of (llj^,(p, co)) h , is not very transparent. 



References. 



[1] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, QCD And Resonance Physics. Sum 
Rules, Nucl. Phys. B 147 (1979) 385. 

[2] F. V. Gubarev, L. Stodolsky and V. I. Zakharov, On the significance of the vector potential 
squared, Phys. Rev. Lett. 86 (2001) 2220. 

[3] F. V. Gubarev and V. I. Zakharov, On the emerging phenomenology of \A 2 }, Phys. Lett. B 
501 (2001) 28. 

[4] P. Boucaud, A. Le Yaouanc, J. P. Leroy, J. Micheli, O. Pene and J. Rodriguez-Quintero, 
Testing Landau gauge OPE on the lattice with a \AVj condensate, Phys. Rev. D 63 (2001) 
114003. 

[5] P. Boucaud, F. de Soto, J. P. Leroy, A. Le Yaouanc, J. Micheli, H. Moutarde, O. Pene and 
J. Rodriguez-Quintero, Artefacts and (A 2 } power corrections: Revisiting the MOM Z^(p 2 ) 
and Z(F), |hep-lat/0504017l 



27 



[6] K. I. Kondo, Vacuum condensate of mass dimension 2 as the origin of mass gap and quark 
confinement, Phys. Lett. B 514 (2001) 335. 

[7] H. Verschelde, K. Knecht, K. Van Acoleyen and M. Vanderkelen, The non-perturbative 
groundstate of QCD and the local composite operator A 2 ^, Phys. Lett. B 516 (2001) 307. 

[8] D. Dudal, H. Verschelde and S. P. Sorella, The anomalous dimension of the composite oper- 
ator A 2 in the Landau gauge, Phys. Lett. B 555 (2003) 126. 

[9] D. Dudal, H. Verschelde, R. E. Browne and J. A. Gracey, A determination of (A 2 } and the 
non-perturbative vacuum energy of Yang-Mills theory in the Landau gauge, Phys. Lett. B 
562 (2003) 87. 

[10] D. Dudal, H. Verschelde, J. A. Gracey, V. E. R. Lemes, M. S. Sarandy, R. F. Sobreiro and 
S. P. Sorella, Dynamical gluon mass generation from {A^ in linear covariant gauges, JHEP 
0401 (2004) 044. 

[11] D. Dudal, J. A. Gracey, V. E. R. Lemes, M. S. Sarandy, R. F. Sobreiro, S. P. Sorella and 
H. Verschelde, An analytic study of the off-diagonal mass generation for Yang-Mills theories 
in the maximal Abelian gauge, Phys. Rev. D 70 (2004) 114038. 

[12] R. E. Browne and J. A. Gracey, One loop MS-bar gluon pole mass from the LCO formalism, 
Phys. Lett. B 597 (2004) 368. 

[13] J. A. Gracey, Two loop MS-bar gluon pole mass from the LCO formalism, Eur. Phys. J. C 
39 (2005) 61. 

[14] D. Dudal, R. F. Sobreiro, S. P. Sorella and H. Verschelde, The Gribov parameter and the 
dimension two gluon condensate in Euclidean Yang-Mills theories in the Landau gauge, Phys. 
Rev. D 72 (2005) 014016. 

[15] S. Furui and H. Nakajima, Infrared features of KS fermion and Wilson fermion in lattice 
Landau gauge QCD, hep-lat/0503029 

[16] F. V. Gubarev and S. M. Morozov, (-A^) condensate, Bianchi identities and chromomag- 
netic fields degeneracy in ST/ (2) YM theory, Phys. Rev. D 71 (2005) 114514. 

[17] A. A. Slavnov, Noncommutative gauge theories and gauge invariance of dimension two 
condensate in Yang-Mills theory, Phys. Lett. B 608 (2005) 171. 

[18] T. Suzuki, K. Ishiguro, Y. Mori and T. Sekido, The dual Meissner effect and magnetic 
displacement currents, Phys. Rev. Lett. 94 (2005) 132001. 

[19] T. Suzuki, K. Ishiguro, Y. Mori and T. Sekido, The dual Meissner effect in SU{2) Landau 
gauge, AIP Conf. Proc. 756 (2005) 172. 

[20] O. Piguet and S. P. Sorella, Algebraic renormalization: Perturbative renormalization, sym- 
metries and anomalies, Lect. Notes Phys. M28, 1 (1995). 

[21] M. Schaden, Mass generation in continuum SU{2) gauge theory in covariant Abelian gauges, 
|hep-th/9909011| 

[22] K. I. Kondo and T. Shinohara, Abelian dominance in low-energy gluodynamics due to dy- 
namical mass generation, Phys. Lett. B 491 (2000) 263. 

[23] M. Schaden, SU{2) gauge theory in covariant (maximal) Abelian gauges, hep-th/0003030 



28 



[24] M. Schaden, Mass generation, ghost condensation and broken symmetry: SU (2) in covariant 
Abelian gauges, hep-th/0108034. 

[25] H. Min, T. Lee and P. Y. Pac, Renormalization Of Yang-Mills Theory In The Abelian 
Gauge, Phys. Rev. D 32 (1985) 440. 

[26] A. R. Fazio, V. E. R. Lemes, M. S. Sarandy and S. P. Sorella, The diagonal ghost equation 
Ward identity for Yang-Mills theories in the maximal Abelian gauge, Phys. Rev. D 64 (2001) 
085003. 

[27] Z. F. Ezawa and A. Iwazaki, Abelian Dominance And Quark Confinement In Yang-Mills 
Theories, Phys. Rev. D 25 (1982) 2681. 

[28] T. Suzuki and I. Yotsuyanagi, A Possible Evidence For Abelian Dominance In Quark Con- 
finement, Phys. Rev. D 42 (1990) 4257. 

[29] T. Suzuki, S. Hioki, S. Kitahara, S. Kiura, Y. Matsubara, O. Miyamura and S. Ohno, 
Abelian dominance in SU{2) color confinement, Nucl. Phys. Proc. Suppl. 26 (1992) 441. 

[30] S. Hioki, S. Kitahara, S. Kiura, Y. Matsubara, O. Miyamura, S. Ohno and T. Suzuki, 
Abelian dominance in SU(2) color confinement, Phys. Lett. B 272 (1991) 326 [Erratum- 
ibid. B 281 (1992) 416]. 

[31] K. Amemiya and H. Suganuma, Effective mass generation of off-diagonal gluons as the 
origin of infrared Abelian dominance in the maximally Abelian gauge in QCD, Phys. Rev. D 
60 (1999) 114509. 

[32] V. G. Bornyakov, M. N. Chernodub, F. V. Gubarev, S. M. Morozov and M. I. Polikarpov, 
Abelian dominance and gluon propagators in the maximally Abelian gauge of SU{2) lattice 
gauge theory, Phys. Lett. B 559 (2003) 214. 

[33] D. Dudal and H. Verschelde, On ghost condensation, mass generation and Abelian domi- 
nance in the maximal Abelian gauge, J. Phys. A 36 (2003) 8507. 

[34] H. Sawayanagi, Ghost condensation in nonlinear gauges: Euclidean space, Minkowski space, 
and high temperature, Phys. Rev. D 67 (2003) 045002. 

[35] V. E. R. Lemes, M. S. Sarandy and S. P. Sorella, Ghost condensates and dynamical breaking 
of SL(2,M) in Yang-Mills in the maximal Abelian gauge, J. Phys. A 36 (2003) 7211. 

[36] V. E. R. Lemes, M. S. Sarandy, S. P. Sorella, M. Picariello and A. R. Fazio, Ghost conden- 
sates in Yang-Mills theories in nonlinear gauges, Mod. Phys. Lett. A 18 (2003) 711. 

[37] D. Dudal, V. E. R. Lemes, M. S. Sarandy, S. P. Sorella and M. Picariello, On the SL(2, R) 
symmetry in Yang- Mills theories in the Landau, Curci- Ferrari and maximal Abelian gauge, 
JHEP 0212 (2002) 008. 

[38] V. E. R. Lemes, M. S. Sarandy and S. P. Sorella, Ghost condensates in Yang-Mills theories 
in the Landau gauge, Annals Phys. 308 (2003) 1. 

[39] D. Dudal, H. Verschelde, V. E. R. Lemes, M. S. Sarandy, S. P. Sorella, M. Picariello, 
A. Vicini and J. A. Gracey, More on ghost condensation in Yang-Mills theory: BCS versus 
Overhauser effect and the breakdown of the Nakanishi-Ojima annex SL(2,~R) symmetry, 
JHEP 0306 (2003) 003. 



29 



[40] D. J. Gross and A. Neveu, Dynamical Symmetry Breaking In Asymptotically Free Field 
Theories, Phys. Rev. D 10 (1974) 3235. 



[41] H. Verschelde, Perturbative calculation of nonperturbative effects in quantum field theory, 
Phys. Lett. B 351 (1995) 242. 

[42] J. A. M. Vermaseren, New features of FORM, |"math- ph/0010025 

[43] A. Cucchieri, T. Mendes and A. Mihara, Ghost condensation on the lattice, to appear, 
hep-lat / xxxxxx 

[44] M. N. Chernodub, K. Ishiguro, Y. Mori, Y. Nakamura, M. I. Polikarpov, T. Sekido, 
T. Suzuki and V. I. Zakharov Vacuum type of SU(2) gluodynamics in maximally Abelian 
and Landau gauges, hep-lat/0508004 



30 



